Let Q be an open connected subset of the unit disc U, let E = U\C1 and let {Cl k } be a Whitney decomposition of U. If z(Q) is the centre of the "square" Q, if T is the unit circle and r = dist. (Q, T), we consider
Introduction
Let Q be an open connected subset of the unit disc U. We assume that Q is regular with respect to the Dirichlet problem. The complement E -U\il is relatively closed in U. Let SH(U) denote the class of nonnegative superharmonic functions in U. If h is a nonnegative harmonic function in U, we consider the reduced function ) { ( ) { ) ,^h on and the lower regularization which is superharmonic in U (cf. Helms [12] ). Let us begin by stating a special case of a very general result of Naim (cf. the Corollary p. 234 in [15] and Theorem C in Section 3 below):
Theorem A. Rf is a Green potential in U if and only if E is minimally thin at almost all points of the unit circle T.

M. ESSEN
To define minimal thinness, we introduce the Poisson kernel (or minimal positive harmonic function) P(z,z) = P z (z) = (2nr 1 (l-\z\ 2 )\r-z\-2 ,zsU,zeT.
Definition. The set £ is minimally thin at x e T if there exists z o eU such that £ = P t .
This concept was introduced and studied by J. Lelong-Ferrand [14] (for further details, see e.g. [8] ). Minimal thinness of a subset £ of a half-plane D at a (Martin) boundary point of D is defined in an analogous way.
To state a metric form of Theorem A, we let {Q} be a Whitney decomposition of U into approximate "squares" with centres z(Q) such that diam. Q ^ 3 ~x dist. {z(Q), T} = r/3.
(cf. Stein [17] ). If c(E) is the capacity of E (cf. Ahlfors [1] ), we consider
W(x) = W(x, E) = £ ((1 -\z{Q k )\)/\ 1 -T^ftJ|)
2 (log (4r,/c(£ t )))" \ where £ t = £ n g k . We shall prove that £ is minimally thin at xeT if and only if W{x) < oo (cf. Section 1). Applying Theorem A, we obtain:
Theorem 1. Rf is a Green potential if and only if W(x) < oo for almost all xeT.
We shall also consider.
The functions W or W o appear also in two other problems. In the problem considered by Hayman and Lyons [11] (also cf. Bonsall and Walsh [5] and Bonsall [4] ), the crucial condition is that we must have W O (T) = OO everywhere on T (more details are given in Section 4). In Section 5, we discuss "boundary layers", a concept introduced by Volberg [19] . A necessary (but not a sufficient) condition for Q = U\E to be a boundary layer is that we have W(x) < oo everywhere on T.
In the present paper, we wish to study the function W and to show that not only the work of Hayman and Lyons but also other results such as a minimum principle on positive harmonic functions in the plane which is due to Beurling (cf. [3] ; also cf. Theorem B in Section 2 below) and the related result of Dahlberg (cf. [7] ) can be deduced using the theory of Nairn and certain results from potential theory. In our discussions, we walk a middle way between the powerful but rather abstract approach of Nairn and the classical approach of Hayman and Lyons. For simplicity, we have restricted ourselves to the unit disc. However, the same techniques work for analogous problems in higher dimensions and in more complicated regions. We note that in any dimension, we can use inversion to go from balls to half-spaces. It is a matter of convenience whether we wish to work in a ball or in a half-space.
In the case of the unit disc, it is possible to give a simple direct proof of the result of Nairn that we need: this is done in Section 3. In the transition from the Wiener type conditions of [8] to the discussion of the function W{x) in the disc, we need condition (3) in Section 1: this is a result of Beurling-Dahlberg type. An independent proof of (3) using a weak /^-estimate of Sjogren [16] is given in the Appendix. For readers who are willing to accept some basic results on minimal thinness and the estimate of Sjogren, the proofs in the present paper are self-contained.
I am grateful to Dr. Phil Rippon and his colleagues for comments on an earlier version of the present paper. In particular, the statement and proof of Theorem 4c is due to them.
A metric criterion for minimal thinness
In the present section, we prove that a set E c U is minimally thin at x e T if and only
We consider the conformal mapping F(z) = (x + Z)/(T -z) which maps U conformally onto D = {Z = X + iY:X>0} with x going to infinity. Then E will be minimally thin at x in U if and only if G = F(E) is minimally thin at infinity in D. The Whitney squares {Q k } near x in U are mapped onto a collection of Whitney squares {Q k } near infinity in D: let l k and R k be the distances from the centre of Q k to 3D and to the origin, respectively. A necessary and sufficient condition for G to be minimally thin at infinity in D is that there exists a measure v on 3D such that
where 
where we sum over all indices k such that Q k nM(v)¥=Q, it is clear that (1) will be a necessary and sufficient condition for G to be minimally thin at infinity in D; this time, we sum over all Whitney squares. Translating this statement to x using the mapping F" 1 , we obtain that W(x) will be finite and that the metric criterion will be proved. We replace (2) by the equivalent condition
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M. ESSEN This is a known result (cf. Lemma I in Beurling [3] ; the generalization to higher dimensions is given by Dahlberg in [7] ). However, since we wish to show that the main result in [3] and the analogue in the plane of the main result in [7] are consequences of the work of Nairn, a weak L x -estimate of Sjogren given in (20) below and some basic properties of minimal thinness, we give a proof of (3) using these facts in the Appendix. If in particular £ is a union of nonintersecting hyperbolic discs in U, log (AtJc{E k )) will be essentially constant and £ will be minimally thin at xeT if and only if W O (T)<OO (cf. Section 5 in [11]).
Some results on minimal thinness
From basic results on minimal thinness, we deduce a key lemma and a minimum principle due to Beurling which we shall call Theorem B. The result of Hayman and Lyons is a consequence of Lemma 1 and Theorem B.
Let u>(-,dQ = (i)(-,d£,Q) be harmonic measure on 3Q: it is defined since we have assumed that Q is regular for the Dirichlet problem.
Lemma 1. Assume that E is not minimally thin at zeT. Then
where r = dQnU. Conversely, if (4) holds at xeT, E is not minimally thin at x.
Remark. In Hayman and Lyons, it is proved that (4) holds if and only if W Q (x) = oo (cf. (3.14) in [11]): they consider the case when £ is a union of nonintersecting hyperbolic discs. Our method of proof gives the slightly more general statement given above. For more details we refer to Section 4.
Proof of Lemma 1. Let TGT be such that E is not minimally thin at T in U. Using the conformal mapping F defined in Section 1, we move to D = {Z = X + iY:X>0}.
When R->oo, V R increases to a function V which is superharmonic in D and equal to X on G. Since G is not minimally thin at infinity in D, we have
and it follows that
Going back to U, we obtain the first part of Lemma 1. Conversely, assume that (4) and thus also (4') holds. From the argument above, it is clear that the right hand member of (4') is R%. Hence we have X = R% which means that G is not minimally thin at infinity and thus that E is not minimally thin at T. We have proved Lemma 1.
Let S = {z n }? be a sequence of points in U and let where p is the hyperbolic metric in U (cf. Beardon [2, Section 7.2]). Following Beurling [3] , we call S an equivalence sequence at re T if for each positive harmonic function h in U, the inequalities
imply that
Theorem B. S is an equivalence sequence at xeT if and only if S(d) is not minimally thin at i for some positive 8.
Remark. Theorem B is a modified version of the minimum principle of Beurling [3] . Lemma 1 in Hayman and Lyons [11] says that if S(5) is minimally thin at T, then S is not an equivalence sequence at T.
Proof.
To translate minimal thinness into a metric condition, we first form a new sequence by successively deleting points from our sequence that have hyperbolic distance at most 8 from the previous points. Our new sequence {z' k } has the following properties:
M. ESSEN where S, = S(5/2, {z' k }), S 2 = S(S,{z k }) and S 3 = S(2d,{z' k }).
We claim that these three sets are either all minimally thin at T or all not minimally thin at x. To see this, let us first assume that S t is. minimally thin at T. Since all hyperbolic discs forming S, are disjoint, the logarithmic term in W(x,S t ) is essentially constant and we conclude that WO(T,S|) is finite and that (9) It follows that W 0 (T,S 3 ) and thus also W(T,S 3 ) will be finite which proves that S 3 and S 2 will be minimally thin at T. Conversely, if S x is not minimally thin at T, it is clear that the other two sets will not be minimally thin at T.
We note that if S(<5 0 ) is not minimally thin at T for some positive <5 0 , then S(S) is not minimally thin at T for all <5e(0,<5 0 ).
The details in the remaining part of the proof of Theorem B are included since similar arguments will be needed in the discussion of Theorem D and in the proof of Theorem 2 below.
Let us first assume that S(d) is minimally thin at T which is equivalent to assuming that (9) holds. Again, we move to the halfplane D = {Z = X + iY:X>0}, using the conformal mapping F from Section 1. If we define
i Following Beurling, we define Since P(l) is finite by (10), P is a positive harmonic function in D which is finite everywhere. We note that
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Going back to U, we obtain (5) for h(z) = P(F(z)) on the sequence {z' k } (and hence, by Harnack's theorem, on the sequence {z n }). However, (6) fails for h and so S' is not an equivalence sequence. Conversely, assume that S(d) is not minimally thin at T and that (5) holds. From Harnack's theorem, we see that there exists a positive constant C(<5) such that for all k and for all positive harmonic functions in U, we have It follows from (5) that
{x,z), zeS(S).
If e is a given small positive number, we can choose 5 so small that we obtain 1 -e. Our assumption that S (8) is not minimally thin at T implies that
Since E > 0 can be chosen as small as we like, we obtain (6). This completes the proof of Theorem B.
Remark. Applying criteria for minimal thinness in a halfspace from Essen [8] , we can deduce an analogue of Theorem B in higher dimensions.
A theorem on reduced harmonic functions in U
If EczU is a given relatively closed set, we write M = {xeT:E is minimally thin at T}, N = {xeT:E is not minimally thin at T}.
JV M where v(x, z) = /?p (ti . )(z) and the second term is a Green potential in U.
Remark. For a very general result of this type, we refer to Nairn [14, Section 26] . In the case of the unit disc, we give a simple direct proof.
In particular, we see that R% is a Proof. To obtain a representation formula for R E , we consider and deduce that
Letting n->oo, we see that the left-hand member increases to a function which is superharmonic in U, dominated by R E and which is h on E. Thus the limit is R E and we obtain the formula We shall use Theorems B and C to give a simple proof of a special case of a result of Dahlberg. Following Dahlberg, we say that a set £ <= U determines the point measure at zeT if for every positive harmonic function h in U with boundary measure \i, we have
n({x}) = inf{h(z)/P(x,z):zeT}.
Let T,{S) be the set {z e U: p{z, Q ^ 5 for some £ e £ } . Dahlberg's result is concerned with Liapunov-Dini domains in R N , where N ^3 (cf. [7] ). For the purpose of the present paper, we give a version in the unit disc in the plane.
Theorem D. / / £ c [/ and reT, the following conditions on £ are equivalent. (i) u determines the point measure at T. (ii) For some S>0, we have
J |T -z\~2dxdy= co.
1(3)
(iii) There exists a separated sequence S = {z n } in £ with limz n = T such that
Proof. Let us first assume that (iii) holds and let E = S(d). Exactly as in the proof of Theorem B, we can for each e > 0 find a <5 such that if (h/P)(z) = h(z)/P(x,z), inf (h/P)(z) ^ M(h/P)(z) ^ (1 -e) inf (h/P)(z).
Thus it suffices to consider the set E. By (9'), it is clear that £ is not minimally thin at T. However, at all other points of T, E will be minimally thin. From (11) in Theorem C, we see that where a = n{{x}) and V is a Green potential in U. Consequently, for z e £ , we have h(z)/P{x, z) = # ( Z ) / P ( T , z) = a+ K(Z)/P(T, Z).
M. ESSEN It is known (cf. Lelong-Ferrand [14]), that
where the exceptional set E o is minimally thin at x in U. (The results in [14] are given in a halfplane (or a halfspace in higher dimensions). There is no difficulty in transferring them to U since minimal thinness is invariant under conformal mapping in the plane or inversion in balls in higher dimensions).
Since the set E is not minimally thin at T, the set £\£ 0 is also not minimally thin at % and thus non-empty. It follows that
V E
It is now clear that S and thus also S determine the point measure at x. Conversely, if I! determines the point measure at x e T, we see that implies that
h(z)^aP(x,z),zeU.
We wish to apply Theorem B and consider therefore a Whitney decomposition {Q k } of U. For each such "square" Q for which Q n £ is nonempty, we choose a point in the intersection and find a sequence S l = {z in } which is such that S X ((5 O )=>E for some 8 0 >0. Hence the set Si(S 0 ) determines the point measure at x, and it follows from Theorem B that Si(<5) is not minimally thin at x for <5e(0, <5 0 ). Arguing as in the proof of Theorem B, we find a separated subsequence S of S { which is such that (9') holds.
It remains to prove that we can choose the sequence S is such a way that it will have the limit x. For simplicity, we move to a half-plane and assume that x is at the origin, and that we work with a collection of dyadic Whitney squares. Let {p n } be a sequence of integers such that £™ Pn 1 is convergent. It is easy to see that the contribution in our sum (9') from squares of side 2~" and for which the distance to the origin is larger than p n 2~" is the order of magnitude l/p n . Thus we can delete all points in the sequence S of this type without changing the fact that the sum of (9') is divergent. If we also choose p n in such a way that p n 2~"-*0 as n-»oo, the remaining points in S will converge to 0 and the sum (9') will be divergent.
It is easy to prove that (ii) and (iii) are equivalent. We omit the details. 
Theorem E. A set S a U is basic if and only if
S m , n *<t-
forallzeT.
A sequence {z k }S° is separated if
Hayman and Lyons prove that in Theorem E, it suffices to consider the case when S is a separated sequence. Defining S(S) as in Section 2, we see that if S is a separated sequence and if 3 is small enough, S(8) will be a collection of nonintersecting hyperbolic discs. If S = {z n }J°, we consider
teT. 
zeU zeS
We prove 98 M. ESSEN sup h(z), for all heH(U,A) . , it is clear that Sj(<5) is minimally thin at T 0 . We use the construction in the proof of Theorem B to build a positive harmonic function satisfying the conditions of Theorem B with S replaced by S 1 . Furthermore, the support of the associated measure of h on T is contained in the radial projection of S t onto T. It follows that heH(U,A). We can now use an argument from Section 5 in [11] . We have
Theorem 2. (a) Assume that SczU and that S(8) is not minimally thin at any point of A. Then suph(z) =
h(z)^P(z o ,z),zeS 1 ,
Hence the function h l (z) = P(t 0 ,z) -h(z) belongs to H(U,A)
and is nonpositive on S 1 but positive at points in U near T 0 . This contradicts (15) and completes the proof of Theorem 2.
Boundary layers
The following concept has been introduced by Volberg [19] . Let E be as in the introduction and assume furthermore that Cl=U\E is connected. We say that Q is a 
for all zeT. It is clear that this is also a sufficient condition for Q to be a boundary layer. Volberg proves the following results.
(i) Let $Uc£l. Then there exists a constant A^ such that This set is minimally thin everywhere on T except possibly at 1. We have W(l) ?S Const.£f 2~"<oo. This is clear since each set £" is contained in the union of 2" closed Whitney squares Qi n) and At   {   H   ) lc(E n n Q^]) is essentially constant for all these squares. From the criterion in Section 1, we see that E is minimally thin also at 1.
We wish to prove that there is a sequence of arcs on T tending to 1 which have small harmonic measures at the origin in Q = U\E. The first step in the proof is the following lemma which for simplicity is stated in the right half-plane D. We return to the set E defined above. Let J n be the radial projection of the middle half of the arc E n onto T. It follows from Lemma 3 that and that «(0, J n ,Q)l\J n \SC2"exp (-%2 n~3 )->0, n->oo.
We have proved that fi = U\E is not a boundary layer and that the set E is minimally thin at all points of T. (b) Assume that $Uc£l. If the series defining W is uniformly convergent on T, E will be minimally thin everywhere on T (cf. Section 1) and it follows from Lemma 1 and the maximum principle that F\x) = j P(x, C)cu(O, dQ < P(T, 0) = 1, r e T. r If (17) doesn't hold, there exists a sequence {r n } such that P m (T n )-»l as n-*oo. Without loss of generality, we can assume that T n =exp(i0 n )->1, where {#"} is a sequence decreasing to 0. Let e>0 be given. We know that P ro (l)< 1. Since the series defining W converges uniformly, we can find a neighbourhood 0 of 1 in U such that If £ is small enough, we conclude that 1 =lim n _ 0O P £O (T n )< 1 which is impossible. From the contradiction, we see that there is no such sequence {%"}. Hence (17) holds and Q is a boundary layer. This concludes the proof of Theorem 3.
Corollary. Assume that
EOog^MEjrUoo.
Then E is minimally thin everywhere on T and il is a boundary layer.
Proof. If (18) holds, it is easy to see that the series defining W is uniformly convergent. It follows from Theorem 3 that O is a boundary layer.
As mentioned in the introduction, the results on minimal thinness hold also in R d , d^3. It should be possible to prove analogues of the Hayman-Lyons and the Volberg results in higher dimensions.
Concluding remarks
Let S = {z n } be a separated sequence in U and let E = S(3) be defined as in Section 2, so that S(<5) in the union of nonintersecting hyperbolic discs. Let us consider the following statements.
